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1. Introduction
The analysis, characterisation and explanation of turbulence and turbulent transport
in plasmas is an important physical task to enhance fusion devices. At the same time
it is of fundamental interest in physics as plasma turbulence is among the most com-
plex systems currently investigated. In this paper we indicate how to use multifractal
analysis as a tool to characterise turbulence. We apply the formalism of structure
functions [Frisch(1995), del Castillo-Negrete et al.(2004) ] and inverse structure func-
tions [Jensen(1999), Biferale et al.(1999) ] to edge reflectometer data from the ASDEX-
Upgrade tokamak. The results for the multifractal spectrum can be used for compar-
ison with results from numerical simulation and further for modelling turbulence in
plasmas. Naturally, one important goal is the interpretation of the results in terms of
basic turbulence theory. Below, we briefly present the data we used for analysis, and
the multifractal formalism used. The results from analysis are presented in a compact
way and finally, we close with a discussion.
2. The data
Data from two ASDEX Upgrade discharges where used, one with ohmic and (0.8 MW)
ECRH L-mode phases #18726 (designated S1 in the following) at -2.4 T/0.8 MA with
line ave. density of 7×1019 m−3, and one shot with a 2.5 MW NBI L-mode phase #19240
(S2) at -2.4 T/1.0 MA and 6×1019 m−3. Two heterodyne (I & Q) O-mode reflectometer
signals were available in Q-band at 42 GHz and V-band at 55 GHz, giving two radial
points per discharge at roughly normalised radii of 0.94 and 1.05. Schematically one
has the following 6 signals:
Ohmic L–mode
V band S1 S1,S2
Q band S1 S1,S2
The reflectometer signals displayed a small constant amounts of phase ramping
during the periods of study, which was subtracted before analysis. The amplitude and
phase signals were obtained from the I/Q signals in the usual way (A = I2 + Q2 and
Φ = tan−1(I/Q)). The phase signal was then corrected for phase jumps. Fig. 1 shows
an example of the Q-band phase signal during the ohmic stage of shot S1.
3. Multifractal analysis
The signals were analysed using the multifractal analysis techniques which have been
developed in the frame of turbulence theory [Frisch(1995)], or statistical physics
[Beck and Schlo¨gl(1993)]. A turbulent signal typically does not follow a Gaussian dis-
tribution of the investigated quantities (in our case the density fluctuation as measured
by reflectometry). Considering turbulence as an incremental process [Frisch(1995)],
one is interested in the statistical properties of the increments of a signal s: ∆s(t) =
s(t + ∆t)− s(t) Its statistical properties characterise the underlying process and allow
for stochastic modelling, e.g., by a fractional diffusion process. For statistical informa-
tion one can determine the probability density function P (∆s, ∆t), or equivalently the













Figure 1: Phase signal S1, ohmic mode in Q-band. The base trend has been subtracted.
structure functions or moments of the increments, Sp(∆t) =< (∆s)
p >. In a cascade
process, non-Gaussianity of the increments is found in the moments scaling as:
Sp(∆t) ∼ ∆t
ζ(p) (1)
with ζ(p) = αp a linear function for a fractal process and ζ(p) nonlinear for a multi-
fractal. To determine ζ(p), the slope of Sp(∆t) is determined in a log-log plot as
log [Sp(∆t)] ∼ ζ(p) · log(∆t) . (2)
Usually good scaling is observed in a certain range of scales, without that range different
processes are dominant, e.g. at the scale where energy is fed to the system.
When the function ζ is known for all orders p the process is fully characterised
in a statistical sense. The well-known Brownian motion in one dimension is a non-
fractal process (i.e. an ensemble of trajectories fills space completely) with S2p(∆t) =
1 · 3 · · · (2p− 1)(D∆t)p , and S2p−1 = 0 i.e., ζ = 0.5p.
In recent years a complementary approach has been suggested using the concept of
exit-times, or residence times, respectively [Jensen(1999), Abel et al.(2000) ]. The exit
time is defined as the time the trajectory needs undergo a fluctuation of a given size
∆s. With these times, one can calculate the corresponding statistics by the use of the
so-called inverse structure functions, or exit-time moments
Iq(∆s) ∼ ∆s
ξ(q) . (3)
The analog for the Brownian motion are the moments of the first passage times, where
one calculates analytically Iq = q · ISq−1(x) = q · · · 1(D∆s)
−q for all values of q
[van Kampen(1992)]. A fractal/multifractal process can be characterised in terms of
the inverse structure functions by the linear/nonlinear function ξ(q). Depending on the
situation one or the other method might be favourable.
Often, experimental data do not show perfect scaling, or have a very limited scaling
range. In these cases, one can try to extract scaling exponents using the concept
of extended self-similarity (ESS) [Benzi et al.(1993) ]. Essentially, one assumes that
individual structure functions behave similar, then one divides the common behaviour























































Figure 2: Log-log plot of a) Structure functions and b) inverse structure functions of
various order for signal S1, L-mode, V-band measurement.
This way, a scaling relative to ζ(q) can be extracted.
4. Results
In this section, we will present the main results for the signals analyzed. We show results
for all structure functions in the case of signal S1 in L mode/ V band measurement.
Then, we give in one plot a comparison for the different signals and finally plot the
multifractal spectrum as obtained from the data for structure functions and inverse
structure functions.
For each constellation given in Table the structure functions S2 – S8 and the inverse
structure functions I1 – I8 are calculated. As an example, in Fig. 2 a) the structure
functions for signal S1, for L-mode and V-band are plotted. The corresponding result
for the inverse structure function is shown in Fig. 2 b). We observe that for the usual
structure functions, no scaling is found, rather the functions are curved, but as it occurs,
in a similar way such that ESS is applicable. The inverse structure functions show
two different scaling regions with slightly different slope, with a transitory region in
between. This requires more detailed investigations, a possible reason are “unnatural”
phase shifts from the conversion of the signal. It turns out that ESS does not scale
away the effect.
In Fig. 3, a comparison of the ESS scaling for all investigated signals (log(S4) vs.
log(S2)) is shown. Clearly, the signals S1, Q-band and S1, V-band show very similar
behaviour for ohmic or L-mode. Signal S2 does not collapse on the graphs for signal
S1. The same behaviour is observed for the inverse structure functions.
To extract the multifractal spectrum, one must determine the slopes in graphs Fig. 3
a) and b). The corresponding local slopes are plotted in Fig. 4 a) and b). One obvious
problem is the identification of the scaling region. This is almost an art, one typically
has no good scaling for small and large values of the increment due to bad statistics
and limits of the scaling. Only values are taken for which an approximately constant
slope exists over 2 decades or more. The final spectrum for the structure functions is
given in Fig. 5; it is clearly multifractal. At this point, further analysis is needed to
ensure that the result is typical for the signals investigated .








































Figure 3: ESS applied to all signals investigated. For clarity, only log(S4) is plotted
versus log(S2) for the structure functions and log(I3) versus log(I2) for the inverse







































































Figure 4: Scaling exponents as obtained from the signals (see legend). A normal,
diffusive scaling corresponds to the straight lines at integer numbers.a) result for the





























Figure 5: Multifractal spectrum as extracted from the slopes, cf. Fig. 4 a).
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5. Discussion
The basis of the analysis is that fluctuations in a reflectometer phase signal repre-
sent localised density fluctuations at the point of reflection. An analysis of the frac-
tal/multifractal behaviour of reflectometry edge data from ASDEX Upgrade show
anomalous scaling for different confinement modes and radial positions. Clear mul-
tifractal behaviour is observed in the spectrum of scaling
In this contribution we showed that it is possible to apply the multifractal analysis
to reflectometer data. In a first attempt we analyzed data with small amount of ramp-
ing. Problems concern artificial phase jumps which are physically not expected and a
clear identification of scaling ranges. As a result we clearly find multifractal behavior
in the spectrum of scaling exponents, which is different for different radial positions.
The difference between ECRH L-mode and ohmic confinement seem to be less impor-
tant than the radial position for the signal. The data from the NBI L-mode shot show
a different behaviour, possibly due to the strong toroidal rotation. A more extensive
analysis on a larger database of shots is required before further conclusions can be
drawn. In the initial selection of data a small amount of phase ramping was present.
Artificial phase jumps, which are physically not realistic, and the clear identification of
scaling ranges are concern remaining to be resolved. Finally, a longer term goal is to
use the spectrum of scaling exponents as input to numerical studies of turbulence and
the signal propagation in a turbulent plasma.
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